Abstract. We classify all F 2 Mm 1 ,m 2 ,n 1 ,n 2 -natural operators A transforming projectable-projectable torsion-free classical linear connections ∇ on fibered-fibered manifolds Y of dimension (m1, m2, n1, n2) into rth order Lagrangians A(∇) on the fibered-fibered linear frame bundle L fib-fib (Y ) on Y . Moreover, we classify all F 2 Mm 1 ,m 2 ,n 1 ,n 2 -natural operators B transforming projectable-projectable torsion-free classical linear connections ∇ on fiberedfibered manifolds Y of dimension (m1, m2, n1, n2) into Euler morphism B(∇) on L fib-fib (Y ). These classifications can be expanded on the kth order fiberedfibered frame bundle
Introduction. Lagrangians and Euler morphisms are important tools
in the variational calculus. Several physical theories are using Euler-Lagrange equations, which are related with the Euler morphism of an rth order Lagrangian on a fibered manifold.
The idea of Lagrangians and Euler morphisms in the case of fibered manifolds was described in [2] . The aim of the present note is the generalization of results which were reached in [1] to the case of fibered-fibered manifolds. 
such that all squares of the cube in question are commutative [3] .
All fibered-fibered manifolds of the given dimension (m 1 , m 2 , n 1 , n 2 ) and their all morphisms form the category which we denote by F 2 M m 1 ,m 2 ,n 1 ,n 2 .
Every object from the category F 2 M m 1 ,m 2 ,n 1 ,n 2 is locally isomorphic to the standard fibered-fibered manifold
we denote by R m 1 ,m 2 ,n 1 ,n 2 , where arrows are obvious projections.
For fibered-fibered manifold Y we have the fibered-fibered linear frame bundle
FM is a bundle functor [2] .
Lagrangians and natural operators transforming connections into
Lagrangians. An rth order Lagrangian on a fibered manifold p :
X → M is a base preserving morphism λ : J r (X) → ∧ m T * M from the r-jet prolongation bundle
A classical linear connection ∇ on a fibered manifold p : X → M is projectable if there exists a (unique) classical linear connection ∇ on M such that a connection ∇ is p-related with a connection ∇, that is T p • ( ∇ W Z) = ( ∇ W Z) • p, where W and Z are projectable vector fields on X, which are p-related with vector fields W and Z on M .
Let Y be a fibered-fibered manifold
− −−− → M We say that a projectable classical linear connection ∇ on Y is projectableprojectable if there exists a unique projectable classical linear connection ∇ on X such that a connection ∇ is π-related with a connection ∇.
In this paper we study the problem how a projectable-projectable torsion-free classical linear connection ∇ on a fibered-fibered manifold Y of dimension (m 1 , m 2 , n 1 , n 2 ) can induce an rth order Lagrangian A(∇) on π Y : L fib-fib (Y ) → Y in the canonical way. To this aim we must determine
where m = m 1 + m 2 + n 1 + n 2 , in the sense of [2] . We describe completely all such natural operators A in question.
is the space of all projectable-projectable torsion-free classical linear connections on Y and Lagr r L fib-fib (Y ) is the space of all rth order Lagrangians on To present an example of natural operator A in question we need some preparations. Let M be an m-manifold with a torsion-free classical linear connection ∇. Given a linear frame l ∈ L(M ), the linear isomorphism
Let p : X → M be a fibered manifold of dimension (m, n) and let x ∈ X x , x ∈ M . Let ∇ be a projectable torsion-free classical linear connection on X with the underlying torsion-free classical linear connection ∇ on M . Since a connection ∇ is p-related with ∇, then p sends ∇-geodesics into ∇-geodesics. Consequently, the ∇-exponential map Exp ∇ x : T x (X) → X at x is a local fibered diffeomorphism covering the ∇-exponential map
If we compose Exp ∇ x −1 with a fibered linear isomorphism (fibered linear
with center x covering a ∇-normal coordinate system
with center x. If ϕ 1 : X → R m,n is another fibered ∇-normal coordinate system on X with center x, then ϕ 1 = I •ϕ for some fibered linear isomorphism I : R m,n → R m,n . Quite similarly as above, if ∇ is a projectable-projectable torsion-free classical linear connection on a fibered-fibered manifold Y of dimension (m 1 , m 2 , n 1 , n 2 ) and y ∈ Y , then there exists a fibered-fibered ∇-normal coordinate system ϕ : Y → R m 1 ,m 2 ,n 1 ,n 2 with center y. If ϕ 1 : Y → R m 1 ,m 2 ,n 1 ,n 2 is another fibered-fibered ∇-normal coordinate system with center y, then ϕ 1 = I • ϕ for some fibered-fibered linear isomorphism I : R m 1 ,m 2 ,n 1 ,n 2 → R m 1 ,m 2 ,n 1 ,n 2 .
The first main
where
Equivalently, x 1 , . . . , x m 1 +m 2 +n 1 +n 2 are fibered-fibered ∇-normal coordinates with center (0, 0, 0, 0). The equivalence is a simple consequence of the well-known equations of ∇-geodesics and the fact that in the ∇-normal coordinate system ∇-geodesics passing through the center are straight lines.
Let π s : Q ∞ proj-proj → Q s proj-proj for s = 1, 2, . . . be the jet projections. Let
We say that µ satisfies the finite determination property, if for any ρ ∈ Q ∞ proj-proj and σ ∈ J r l 0
L fib-fib (R m 1 ,m 2 ,n 1 ,n 2 ) of σ, a finite number s and a smooth map
We are in a position to present the following example of the operator A in question.
L fib-fib (R m 1 ,m 2 ,n 1 ,n 2 ) → R be a function satisfying the finite determination property. Given a projectable-projectable torsion-free classical linear connection ∇ on a fibered-fibered manifold Y of dimension (m 1 , m 2 , n 1 , n 2 ), we define the rth order Lagrangian
∂ ∂x i | (0,0,0,0) for i = 1, . . . , m 1 + m 2 + n 1 + n 2 is the basis in T y (Y ) and l * i for i = 1, . . . , m 1 + m 2 + n 1 + n 2 is the dual basis in T * y (Y ) and ϕ : Y → R m 1 ,m 2 ,n 1 ,n 2 is a fibered-fibered ∇-normal coordinate system with center y such that
Consequently, for given a projectable-projectable torsion-free classical linear connection ∇ on Y , we have an rth order Lagrangian
The family
The main result of the present note is the following:
Proof. Let A be a F 2 M m 1 ,m 2 ,n 1 ,n 2 -natural operator in question. We must define a map µ :
Then by the non-linear Peetre theorem [2] , µ satisfies the finite determination property. By the invariance of A and A µ with respect to fiberedfibered normal coordinates we obtain A = A µ .
Remark 1. Quite similarly one can describe all
is the fibered-fibered kth order frame bundle for Y . All such natural operators in question are of the form A µ for functions
satisfying the obviously modified finite determination property, where
at the kth order frame
. The generalized natural operators A µ can be defined quite similarly as in Example 1.
Euler morphisms and natural operators transforming connections into Euler morphisms.
We recall that the rth order Euler morphism on a fibered manifold p : X → M is a base preserving morphism
, where m = dim M . Here V * (X) denotes the vector bundle dual to the vertical vector bundle V (X) for X. Special Euler morphisms can be obtained from Lagrangians by means of the well-known Euler operator [2] , [5] .
Quite similarly as for Lagrangians, we can describe completely all
where m = m 1 +m 2 +n 1 +n 2 , transforming projectable-projectable torsionfree classical linear connections ∇ on fibered-fibered manifold Y of dimension (m 1 , m 2 , n 1 , n 2 ) into rth order Euler morphisms
6. The second main result.
Example 2.
We consider a function
satisfying the obviously modified finite determination property, where L(G 1 m 1 ,m 2 ,n 1 ,n 2 ) denotes the Lie algebra of Lie group G 1 m 1 ,m 2 ,n 1 ,n 2 . Given a projectable-projectable torsion-free classical linear connection on a fiberedfibered manifold Y of dimension (m 1 , m 2 , n 1 , n 2 ), we define an rth order Eu-
, where η * is the (vertical) fundamental vector field on the principal G 1 m 1 ,m 2 ,n 1 ,n 2 -bundle L fib-fib (Y ) corresponding to η and l * 1 , . . . , l * m ∈ T * y Y is the dual basis to l 1 , . . . , l m ∈ T y Y and ϕ : Y → R m 1 m 2 ,n 1 ,n 2 is a fibered-fibered ∇-normal coordinate system on Y with center y such that ϕ(y) = (0, 0, 0, 0) ∈ R m 1 +m 2 +n 1 +n 2 and
Similarly as Theorem 1 one can prove the following:
where m = m 1 + m 2 + n 1 + n 2 , is of the form B = B µ for some uniquely determined function
satisfying the modified finite determination property. 
